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Abstract

Here we provide detailed proofs of results in the paper.

1 Proof of Lemma 3

Proof. We have F = Ω ∪Ψ. From the block inversion formula,

(Φ∗FΦF )−1 =

(
Φ∗ΩΦΩ Φ∗ΩΦΨ

Φ∗ΨΦΩ Φ∗ΨΦΨ

)−1

(1)

=

(
P Q
R S

)
(2)

, where
P = (Φ∗ΩΦΩ)−1 + (Φ∗ΩΦΩ)−1Φ∗ΩΦΨΠ−1

Ω Φ∗ΨΦΩ(Φ∗ΩΦΩ)−1 (3)

Q = −(Φ∗ΩΦΩ)−1Φ∗ΩΦΨΠ−1
Ω (4)

R = −Π−1
Ω Φ∗ΨΦΩ(Φ∗ΩΦΩ)−1 (5)

S = Π−1
Ω (6)

ΠΩ = Φ∗ΨΦΨ −Φ∗ΨΦΩ(Φ∗ΩΦΩ)−1Φ∗ΩΦΨ (7)

The row corresponding to Ω (i.e.((Φ∗FΦF )−1)Ω ) is given by(
Px|Ω Qx|Ψ

)
. Our strategy is to bound it from both sides, i.e. find bounds for ||Px|Ω||2 and

||Qx|Ψ||2 and then use

||Px|Ω||2 − ||Qx|Ψ||2 ≤ ||((Φ∗FΦF)−1)
Ω
x||2 ≤ ||Px|Ω||2 + ||Qx|Ψ||2 (8)

We have from Equation. 7 and using Woodbury’s matrix inversion formula and assuming Φ∗ΨΦΨ is
full rank,

Π−1
Ω = (Φ∗ΨΦΨ + Φ∗ΨΦΩ(−Φ∗ΩΦΩ)−1Φ∗ΩΦΨ)−1 (9)

= (Φ∗ΨΦΨ)−1 − (Φ∗ΨΦΨ)−1Φ∗ΨΦΩΓ−1Φ∗ΩΦΨ(Φ∗ΨΦΨ)−1 (10)

where Γ = (−(Φ∗ΩΦΩ)−1 + Φ∗ΩΦΨ(Φ∗ΨΦΨ)−1Φ∗ΨΦΩ).

Note that Γ is a scalar since |Ω| = 1, however, treating it as a matrix does not change our final result.
Now from the reverse triangle inequality for any K-sparse signal v, we have

||Γv||2 ≥ ||Iv||2 − ||Φ∗ΩΦΨ(Φ∗ΨΦΨ)−1Φ∗ΨΦΩv||2 (11)

≥
(

1− δ2
K

(1− δK−1)

)
||v||2 (12)

1



054
055
056
057
058
059
060
061
062
063
064
065
066
067
068
069
070
071
072
073
074
075
076
077
078
079
080
081
082
083
084
085
086
087
088
089
090
091
092
093
094
095
096
097
098
099
100
101
102
103
104
105
106
107

using RIP bounds to upper bound the right term and utilizing Φ∗ΩΦΩ = 1. We also use Cauchy-
Schwartz’s inquality in a sequential cascaded manner. We use these techniques (sequentially apply-
ing Cauchy-Schwartz’s followed by RIP) heavily from here on and in most of the bounds that we
obtain in our proofs. Thus, we have

||Γ−1v||2 ≤
(

1− δK−1

1− δK−1 − δ2
K

)
||v||2

Now from Equation. 10, we have

||Π−1
Ω x|Ψ||2 (13)

= ||((Φ∗ΨΦΨ)−1 − (Φ∗ΨΦΨ)−1Φ∗ΨΦΩΓ−1Φ∗ΩΦΨ(Φ∗ΨΦΨ)−1)x|Ψ||2 (14)

≤ ||((Φ∗ΨΦΨ)−1x|Ψ||2 + ||(Φ∗ΨΦΨ)−1Φ∗ΨΦΩΓ−1Φ∗ΩΦΨ(Φ∗ΨΦΨ)−1x|Ψ||2 (15)

≤
(

1

1− δK−1

)
||x|Ψ||2 +

(
δ2
K

(1− δK−1 − δ2
K)(1− δK−1)

)
||x|Ψ||2 (16)

≤
(

1

1− δK−1 − δ2
K

)
||x|Ψ||2 (17)

We first find an upper bound for ||Qx|Ψ||2

||Qx|Ψ||2 = || − (Φ∗ΩΦΩ)−1Φ∗ΩΦΨΠ−1
Ω x|Ψ||2 (18)

≤
(

δK
1− δK−1 − δ2

K

)
||x|Ψ||2 (19)

We now bound ||Px|Ω||2 using RIP conditions and Φ∗ΩΦΩ = 1.

||Px|Ω||2 =
(
(Φ∗ΩΦΩ)−1 + (Φ∗ΩΦΩ)−1Φ∗ΩΦΨΠ−1

Ω Φ∗ΨΦΩΦ∗ΩΦΩ

)
||x|Ω||2 (20)

Q

(
1± δ3

K

1− δK−1 − δ2
K

)
||x|Ω||2 (21)

From the previous two inequalities and Equation. 8 and also putting

η =

(
δK

1− δK−1 − δ2
K

)
, we have

||((Φ∗FΦF )−1)Ωx||2 Q
(
1± δ2

Kη
)
||x|Ω||2 ± η||x|Ψ||2 (22)

Q.E.D

2 Proof of Theorem 1

Proof. Given T , we define F = (T ∩ λ∗) ⊆ λ∗ and Z = T\λ∗ with |F | = γ ≤ K and |Z| ≤ |T | =
z, thus having T = F ∪ Z. We also have Ω ⊆ F with |Ω| = 1. Note that F ∩ Z = λ∗ ∩ Z = 0.
Also, we have bT = (Φ∗TΦT )−1Φ∗TΦλ∗x. Putting ΦT = [ΦFΦZ ]

Our strategy is to find a condition such that the lower bound for ||b|Ω||2 is greater than the upper
bound for ||b|Ψ||2. This would force the true component Ω into the top K elements chosen during
pruning.
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We have,

b|T =

([
Φ∗F
Φ∗Z

]
[ΦF ΦZ ]

)−1 [
Φ∗F
Φ∗Z

]
u (23)

=

([
Φ∗FΦF Φ∗FΦZ

Φ∗ZΦF Φ∗ZΦZ

])−1 [
Φ∗F
Φ∗Z

]
u (24)

=

([
AFF AFZ

AZF AZZ

])−1 [
Φ∗F
Φ∗Z

]
u (25)

with AFF = Φ∗FΦF , AFZ = Φ∗FΦZ ,AZF = Φ∗ZΦF and AZZ = Φ∗ZΦZ .

([
AFF AFZ

AZF AZZ

])−1

=

([
P Q
R S

])
(26)

where

P = A−1
FF + A−1

FFAFZΣ−1AZFA−1
FF (27)

Q = −A−1
FFAFZΣ−1 (28)

R = −Σ−1AZFA−1
FF (29)

S = Σ−1 (30)

Σ = AZZ −AZFA−1
FFAFZ (31)

using the block inversion formula

We therefore have,

b|T =

([
P Q
R S

])[
Φ∗F
Φ∗Z

]
Φλ∗x (32)

=

(
PΦ∗FΦλ∗ + QΦ∗ZΦλ∗

RΦ∗FΦλ∗ + SΦ∗ZΦλ∗

)
x (33)

We are interested in comparing b|Ω = (PΦ∗FΦλ∗ + QΦ∗ZΦλ∗)Ωx and b|Z = (RΦ∗FΦλ∗ +
SΦ∗ZΦλ∗)x.

Before moving on, we digress briefly to obtain an upper bound on ||Σ−1v||2, where v is K-sparse.

Σ = AZZ + AZF (−A−1
FF )AFZ

Using Woodbury’s matrix inversion lemma, we have

Σ−1 = (A−1
ZZ −A−1

ZZAZFC−1AFZA−1
ZZ)

where, C = −A−1
FF + AFZA−1

ZZAZF ,

||Cv||2 ≥ ||A−1
FFv||2 − ||AFZA−1

ZZAZFv||2 (34)

we see that

||Cv||2 ≥
(

1

(1 + δK)
−

δ2
Z+K

(1− δZ)

)
||v||2

therefore,

||C−1v||2 ≤
(

(1 + δK)(1− δZ)

(1− δZ)− (1 + δK)δ2
Z+K

)
||v||2

Further, setting D = A−1
ZZAZFC−1AFZA−1

ZZ so that Σ−1 = (A−1
ZZ −D). Using RIP conditions

we obtain
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||Dv||2 ≤
(

(1 + δK)(1− δZ)δ2
Z+K

[(1− δZ)− (1 + δK)δ2
Z+K ](1− δZ)2

)
||v||2 (35)

=

(
(1 + δK)δ2

Z+K

[(1− δZ)− (1 + δK)δ2
Z+K ](1− δZ)

)
||v||2 (36)

Thus,

||Σ−1v||2 = ||A−1
ZZv −Dv||2 (37)

≤ ||A−1
ZZv||2 + ||Dv||2 (38)

≤ κ||v||2 (39)

where κ =
(

1
(1−δZ) +

(1+δK)δ2Z+K

[(1−δZ)−(1+δK)δ2Z+K ](1−δZ)

)
We now move on to upper bound ||b|Z ||2.

||b|Z ||2 = ||(RΦ∗FΦλ∗ + SΦ∗ZΦλ∗)x||2 (40)

≤ ||RΦ∗FΦλ∗x||2 + ||SΦ∗ZΦλ∗x||2 (41)

One can use the restricted isometric property to bound ||Φ∗FΦλ∗x||2 as follows.

(1− 2δK)||x||2 ≤ ||Φ∗FΦλ∗x||2 ≤ (1 + 2δK)||x||2 (42)

We upper bound both right hand terms and use inequality 42. Using Equation. 29, we obtain

||RΦ∗FΦλ∗x||2 = || − Σ−1AZFA−1
FFΦ∗FΦλ∗x||2 (43)

≤ κδz+K(1 + 2δK)

(1− δK)
||x||2 (44)

Using Proposition 3.1 and Proposition 3.2 (Approximate Orthogonality) from Nedell and Tropp [1],
we obtain a lower bound on the first term and upper bounds on the second and third terms. Recall
that F ⊆ λ∗, thus |F | ≤ |λ∗| = K.

Using Equation. 31, we find

||SΦ∗ZΦλ∗x||2 = ||Σ−1Φ∗ZΦλ∗x||2 (45)
≤ κδZ+K ||x||2 (46)

Combining the previous two inequalities , we have

||b|Z ||2 (47)

= ||(RΦ∗FΦλ∗ + SΦ∗ZΦλ∗)x||2 (48)

≤ κ
(
δZ+K(1 + 2δK)

(1− δK)
+ δZ+K

)
||x||2 (49)

We now find a lower bound for ||b|Ω||2.

||b|Ω||2 = ||(P)ΩΦ∗FΦλ∗ + (Q)ΩΦ∗ZΦλ∗x||2 (50)

≥ ||(P)ΩΦ∗FΦλ∗x||2 − ||(Q)ΩΦ∗ZΦλ∗x||2 (51)
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Using Equation. 27 and the reverse triangle inequality, we obtain a lower bound on the first term

||(P)ΩΦ∗FΦλ∗x||2 (52)

≥ ||(A−1
FF )ΩΦ∗FΦλ∗x||2 − ||(A−1

FF )ΩAFZΣ−1AZFA−1
FFΦ∗FΦλ∗x||2 (53)

≥ (1− 2δK)
[
(1− δ2

Kη)||x|Ω||2 − η||x|Ψ||2
]

(54)

−
(
δ2
Z+K(1 + 2δK)

(1− δK)

)
κ
[
(1 + δ2

Kη)||x|Ω||2 + η||x|Ψ||2
]

(55)

Here we use Lemma 1, along with Proposition 3.2 from Needel and Tropp [1].

Using Equation. 28 and the triangle inequality, we obtain an upper bound on the second term

||(Q)ΩΦ∗ZΦλ∗x||2 (56)

= ||(−A−1
FF )ΩAFZΣ−1Φ∗ZΦλ∗)x||2 (57)

≤ δKδZ+Kκ
[
(1 + δ2

Kη)||x|Ω||2 + η||x|Ψ||2
]

(58)

Here we use Lemma 1, Cauchy’s inequality and Proposition 3.2 from Needel and Tropp [1]. Com-
bining the last two inequalities and Equation. 51 we summarize,

||b|Ω||2 (59)

= ||(P)ΩΦ∗FΦλ∗ + (Q)ΩΦ∗ZΦλ∗x||2 (60)

≥ (1− 2δK)
[
(1− δ2

Kη)||x|Ω||2 − η||x|Ψ||2
]

(61)

−
(
δ2
Z+K(1 + 2δK)

(1− δK)

)
κ
[
(1 + δ2

Kη)||x|Ω||2 + η||x|Ψ||2
]

(62)

− δKδZ+Kκ
[
(1 + δ2

Kη)||x|Ω||2 + η||x|Ψ||2
]

(63)

We now compare the lower bound on ||b|Ω||2 to the upper bound on ||b|Z ||2, and also use the
triangle inequality on ||x||2. We arrive at the inequality

(1− 2δK)
[
(1− δ2

Kη)||x|Ω||2 − η||x|Ψ||2
]

(64)

−
(
δ2
Z+K(1 + 2δK)

(1− δK)

)
κ
[
(1 + δ2

Kη)||x|Ω||2 + η||x|Ψ||2
]

(65)

− δKδZ+Kκ
[
(1 + δ2

Kη)||x|Ω||2 + η||x|Ψ||2
]

(66)

≥
[
κ
δZ+K(1 + 2δK)

(1− δK)
+ κδZ+K

]
(||x|Ω||2 + ||x|Ψ||2) (67)

Rearranging, we get(
(1− 2δK)(1− δ2

Kη)−
(
δ2
Z+K(1 + 2δK)

(1− δK)

)
κ(1 + δ2

Kη)

)
||x|Ω||2 (68)

+

(
−δKδZ+Kκ(1 + δ2

Kη)−
[
κ
δZ+K(1 + 2δK)

(1− δK)
+ κδZ+K

])
||x|Ω||2 (69)

≥
(

(1− 2δK)η +

(
δ2
Z+K(1 + 2δK)

(1− δK)

)
κη

)
||x|Ψ||2 (70)

+

(
δKδZ+Kκη +

[
κ
δZ+K(1 + 2δK)

(1− δK)
+ κδZ+K

])
||x|Ψ||2 (71)

Combining all scalars into β, we arrive at
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|x|Ω|
||x|Ψ||2

≥ β

,since |Ω| = 1. We find that β = 0 for {δK , δZ} = δZ+K = 0 and β = 0.68 for {δK , δZ} ≤
δZ+K ≤ 0.1. Thus, for δZ+K = 0, we would have

||b|Ω||2 ≥ ||b|Z ||2 (72)

Note that this holds for all ∀F ⊆ λ∗ and ∀Ω ⊆ F with |Ω| = 1. Now, |F | ≤ K, thus the set of top
K elements of b would always contain F . Thus,

F ⊆ supp(bK) = λ

Thus trivially, in case of a perfect isometry, the top K elements would always contain F . However,
for {δK , δZ} ≤ δZ+K ≤ 0.03, we find β u 0.1. Hence, signal components satisfying Equation. 72
would be included in the top K components picked during pruning in a particular iteration. In
particular, ∀Ω ∈ F ⊆ λ∗, if Equation. 72 holds then,

Ω ∈ λ

Q.E.D

3 Proof of Theorem 2

Proof. We have Υi = λi ∩ λ∗ and Ω /∈ λi. Now from Theorem 2.4, Ω ∈ λi+1 i.e. Ω is contained in
the new support estimate. Therefore, we have

|Υi+1| = |λi+1 ∩ λ∗| (73)

≥ |(λi ∩ λ∗) ∪ Ω| ≥ |λi ∩ λ∗| = |Υi| (74)

The second inequality holds since there may exist multiple Ω s.t. x|Ω is β-strong w.r.t some Ψ.
Q.E.D
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